The definition of Kähler manifold is superized. In the super setting, it admits a continuous parameter, unlike their analogs on manifolds. This parameter runs the same singular supervariety of parameters that parameterize deformations of the Schouten bracket (a.k.a. Buttin bracket, a.k.a. anti-bracket) considered as deformations of the Lie superalgebra structure given by the bracket. The same idea yields definitions of several versions of hyper-Kähler supermanifolds depending on parameters that also run over a singular supervariety.
Introduction
Superizations of Kähler and hyper-Kähler manifolds appeared in [BGLS] as additional examples for which the super analogs of the Nijenhuis tensor considered in detail in [BGLS] can be computed. The main objects introduced and studied in [BGLS] was, however, another one, namely, the real-complex manifold or supermanifold, and related circumsized Nijenhuis tensor. Therefore, Kähler and hyper-Kähler (super)manifolds were not under the limelight in [BGLS] .
Here I resolve the following mismatch in super versions of certain definitions pertaining to notions Kähler and hyper-Kähler manifolds. Using one of several (equivalent while on manifolds) definitions of the Kähler manifold -manifold M endowed with three tensor fields (ω, J, h), see subsect. 2.1 below for a precise definition -as a starting point for superization, we arrived in [BGLS] at table (1) of possible superdimensions a given Kähler supermanifold might have:
(1)
The admissible superdimensions are the only parameters in the definition of (hyper-)Kähler (super)manifold, whereas each Lie (super)algebra defined by means of the closed differential 2-form ω admits a deformation with parameter running over a (singular if ω is odd) (super)variety. For a description of this supervariety, see [LSh1] ; for ω even, the continuous deformation is a well-known one: it is the quantization of the Poisson bracket. (Observe that this quantization is unique, up to equivalence, if speaking about algebras of polynomial or analytic functions, whereas for other types of functions, e.g., for functions with compact support, so natural in physical models, the answer is different, see [KT] .)
Where did we lose the continuous parameters in the definition of Kähler and hyper-Kähler manifolds? How to take it into account?
The condition dω = 0 of Kählerian property (see (5)) is equivalent -when the form ω is nondegenerate -to a condition on the bivector field B dual to ω; it is this latter condition that should be deformed. In this note I define (hyper-)Kähler supermanifolds using B instead of ω.
The definitions I suggest in what follows are similar in essence (the main character being the bivectors) to the approach of several groups of researchers to generalized Calabi-Yau manifolds, generalized Complex Geometry, and supersymmetric Sigma-model, see [HLRUZ] and refs. therein. (such h is said to be pseudo-Hermitian). The manifold M is said to be Kähler if J is covariantly constant with regard to the Levi-Civita connection ∇ corresponding to the bilinear form h, i.e.,
On Kähler and hyper-Kähler manifolds
(3) ∇J = 0.
Each Kähler manifold is almost symplectic in a natural way with the nondegenerate antisymmetric 2-form ω defined by
Any two of the constituents of the triple (ω, h, J) determine the third one by means of eq. (4). Since on supermanifolds these two entities can be even or odd, the notion of Kähler manifold has (at least) four types of superizations.
M.Verbitsky informed me that "the sign-definiteness of h in the traditional definition of the Kähler manifold is unnecessary (published classification results are only known, however, for sign-definite forms h), whereas the flatness of the almost symplectic structure is needed because
In view of (5) it seems that the following definition is not just shorter, but more natural.
2.2.
A short definition of Kähler manifolds. Let a real manifold M have an almost complex structure J and a nondegenerate symmetric bilinear form h such that (2) holds. This M is said to be Kähler if the 2-form ω defined by (4) is closed. This second definition suggests a reformulation given in the next section and allowing several superizations. These definitions are based on the following observations:
a) The nondegeneracy of the form ω allows us to identify, at every point, the tangent space with the cotangent one (up to the change of parity if ω is odd).
b) The condition dω = 0 is the one that ensures the fulfilment of the Jacobi identity for the Poisson (or anti) bracket on the space of functions on the (super)manifold in question. Since the bracket is determined by a bivector field B (which only for the nondegenerate ω is given by the inverse of the Gram matrix of the bilinear form ω), it is desirable to reformulate the sufficiency conditions for the Jacobi identity directly in terms of B; the corresponding condition is 1
Now, having passed from ω to B, we do not have to require nondegeneracy of ω.
Definitions on supermanifolds
A nondegenerate supersymmetric bilinear form on the superspace V will be called pseudohermitian metric relative the operator J ∈ End(V ), even or odd, such that J 2 = ± id if (7) h(X, Y ) = (−1) p(X)p(J) h(JX, JY ) for any vectors X, Y ∈ V.
Let M be a real supermanifold endowed with an almost complex 2 structure J, i.e., a tensor field J of valency (1, 1); let F (M) be the space of functions on M; let h be a nondegenerate pseudo-hermitian (relative to J) metric, i.e., a tensor defining a symmetric bilinear form on every tangent space. The supermanifold M is said to be Kähler (an almost Kähler if J is not flat) if the bivector field B defined by the next expression This definition 1 Here B.b. is short for Buttin bracket, in honor of C. Buttin who was the first to prove that this bracket (discovered by Schouten and called Schouten bracket in Differential Geometry) satisfies the super Jacobi identity, see [Bu] . In [Lnew] , this bracket is interpreted as an analog of the Poisson algebra in mechanics; several years later Batalin and Vilkovissky rediscovered it with interesting and important applications to theoretical physics, they dubbed it antibracket, see [BV] . The quotient of the Buttin algebra modulo center was, in 1977, a new simple Lie superalgebra of polynomial growth, an analog of the Lie algebra of Hamiltonian vector fields. Together with the analog of Lie superalgebra of contact vector fields preserving a non-integrable distribution with "odd time" these were the first two counterexamples to the "Theorem" and Conjecture in [K2, Part 2] classifying the simple and even primitive (a wild problem) Lie superalgebras with polynomial coefficients over C, compare [LSh0] with [K10] .
2 This J is not an almost complex structure if J 2 = id instead of J 2 = − id, but to write as carefully as in [BGLS] , with special notation Π for the case J 2 = id, is hardly needed in this note the purpose of which is only to convey the main idea and escape long wandering in the forest of particular cases.
Observe that if J 2 = id, our manifold (variety) can be considered over ground field of any characteristics, whereas if J 2 = − id is only meaningful if the characteristic of the ground field is = 2. a) implies the following restrictions on the possible superdimensions of M summarized in table (1); b) allows a continuous parameter. Indeed, for an odd bivector field B, the Buttin bracket given by B has deformation parameterized by a singular supervariety of dimension 1 at generic points, and of superdimension 2 or 1|1 at several singular points, see [LSh1] ; for B even, the well-known quantization of the Poisson bracket is the deformation in question.
3.1. Hyper-Kähler supermanifolds. Given three (almost) complex structures J i satisfying the relations of quaternion units (10) 1 2 (J i J j + J j J i ) = J k for any even permutation (i, j, k) of (1, 2, 3), and one metric h pseudo-hermitian relative each J i , together with three bivector fields B i tied together by three relations of the form (8), we arrive at the notion of an (almost) hyper-Kähler supermanifold.
Two of the quaternion units satisfying the relation (10) can, however, be odd, and then the relation, although possible, is contrary to the Sign Rule. This observation leads to the following problems.
3.2. Problems. 1) Are there examples of Kähler and hyper-Kähler supermanifolds corresponding to each of the points (in the sense of the functor of points, see [Del, for the odd parameters) of the singular supervariety of parameters described in [LSh1] ?
2) Is it possible to define analogs of Kähler manifolds (superization will not be much more difficult, conceptually) corresponding to the result of quantization of the Poisson algebra?
In answering this question one will have to deal with infinite-dimensional supermanifolds, see [Mol] .
Shall one use as the sheaf of algebras of functions on such manifolds the sheaf of Weyl algebras? Or more precisely, their tensor products with Clifford algebras considered as gradedcommutative associative algebras, as explained in the papers by V. Ovsienko with co-authors, see the paper [COP] and references in it? The "selection rules" on "admissible dimensions" established in [COP] -the ones for which analogs of traces and determinants exist -are particularly intriguing.
3) What are the manifolds (and supermanifolds) with three tensor fields J i whose squares are equal to either 1 or −1, satisfying either relations (10) or their versions that take into account the parities of the J i and the Sign Rule; the other conditions being the same as for hyper-Kähler supermanifolds, namely endowed with one metric h, pseudo-hermitian relative each J i , together with three bivector fields B i tied together by three relations of the form (8)?
